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Low-temperature expansions and correlation functions of the
Zs-chiral Potts model
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Physikalisches Institut, Universitit Bonn, NuBallee 12, 53115 Bonn, Federal Republic of
Germany

Received 27 April 1993, in final form 9 September 1993

Abstract. Using perturbative methods we derive new results for the spectrum and correlation
functions of the general Z3-chiral Potts quantum chain in the massive low-temperature phase.
Explicit calculations of the ground-state energy and the first excitattons in the zero momentum
sector give excellent approximations and confirm the general statement that the spectrum in
the low-temperature phase of general Z,-spin quantum chains is identical to one in the high-
temperature phase where the réle of charge and boundary conditions are interchanged. Using a
perturbative expansion of the ground state for the Z3 model we are able to gain some insight
into correlation functions. We argue that they might be oscillating and give estimates for the
oscillation length as well as the correlation length.

1. Introduction

The self-duval Zs-chiral Potts model was introduced by Howes et al [1] and studied using
e.g. fermionization and approximative methods, in particular perturbation expansions. One
remarkable result of the perturbation expansions was that for special values of the parameters
the first translationally invariant excitation is linear in the inverse temperature A for special
values of the parameters. von Gehlen and Rittenberg then realized {2] that this model is
integrable for these special values of the parameters because it satisfies the Dolan-Grady
integrability condition [3] which is equivalent [4,5] to Onsager’s algebra [6], They also
generalized this “superintegrable’ chiral Potts model to general Z,-spin r [2]. Afterwards,
it attracted much attention because it could be related to a classical model that satisfies
a generalized Yang-Baxter equation with Boltzmann weights defined on higher genus
Riemannian surfaces [7-12]. However, even then perturbative methods lead to important
new results {13, 14]. One example is a conjecture for the exact form of the order parameters
in general superintegrable Z,-chiral Potts chains [14].

Recently, a particle interpretation of the momentumn zero sectors in the high-temperature
phase of all Z,-chiral Potts models at general values of the parameters has been
proposed [15] and a quasi-particle spectrum has been derived for the superintegrable Zs-
chiral Potts mode! [16]. Furthermore, a scaling exponent for the wavevector in the low-
temperature phase of the Z;-chiral Potts model has been calculated in [17, 18] from level
crossings in the ground state. This motivated us to perform the perturbative calculations
reported in this paper. On the one hand the excitation spectrum in the low-temperature
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10 N § Han and A Honecker

phase of general Z,-chiral Potts quantum chains is not completely understood. On the other
hand very little is known about correlation functions. Pertusbation expansions enable us to
gain more insight into the spectrum of the low-temperaturc phasct and shed some light on
correlation functions.

A general Z,-spin quantum chain with N sites is defined by the Hamiltonian

N n=i
H = =3 " iayof +oaIfTE, (L1)
=1 k=1

3

For n = 2 (1.1} is just the well known Ising model. In this case the operators ¢; and I,
are the Pauli spin matrices o, and o, acting in a vector space C? located at site j. For
general n one may think of the operators o; and I'; as generalizations of the Pauli spin
matrices—see (2.3) below. In this paper we identify the (N + E)th site with the st site,
i.e. we use toroitdal boundary conditions.

The Hamiltonians (1.1} contain 2n — 1 parameters. The temperature-like parameter
will be chosen real while the coupling constants &; and oy will be generally complex. H,f‘.")
is Hermitian iff % = &,_, and oz = af_,.

In this paper we will parametrize the constants &, o, in (1.1) by two angles @, ¢, fixing
their dependence on k:

i (2 /n=1) _ ale(k/n=1)

S Sk S —

Equation (1.2) is called the general “chiral Potts model’. This parametrization is convenient
because it can easily be specialized to various models. Setting ¢ = ¢ = 0 yields models
with a second-order phase transition at A = 1 that can be described by a parafermionic
conformal field theory in the limit N — oo {19]. These so-called Fateev—Zamolodchikov
models lead to extended conformal algebras W.4,_; where the simple fields have conformal
dimension 2, ..., n [20,21]. The spectrum of the Hamiltonian {1.1) with ¢ = ¢ = 0 can be
described by the first unitary minimal model of the algebra W.A,_,. For n = 3 it coincides
with the three-states Potts model and the symmetry algebra is Zamolodchikov's well known
spin-3 extended conformal algebra [22] at c = %.

For ¢ = ¢ = n72, (1.2) specializes to the ‘superintegrable’ Z,-chiral Potts model which
exhibits remarkable integrability properties [2]: At ¢ = ¢ = x/2 the Hamiltonians (1.1)
satisfy the Dolan-Grady integrability condition [3].

Albertini et al [7-9] have shown that the Hamiltonian (1.1) can be obtained for more
general values of the angles ¢, w as the t-continuum [imit of an integrable classical statistical
model if one imposes the constraint

icosw:cosqﬁ. {1.3)

Hﬂ" with the choices (1.2), (1.3) is in general no longer self-dual. However, if we choose
¢ =¢in (1.2) HY is self-dual. Sometimes (1.3) is implied when referring to the chiral
Potts model but we prefer to call (1.1} with (1.2} the general chiral Poits model.

The Z; version of (1.1) is known to have four phases [8,23,18]: two massive
and two massless phases. One of the massive phases is ordered and the other massive
phase is disordered. The low-temperature phase (small X) that we are going to study

 Note that we do not intend to study the massless regimes around % = 1 for which perturbation expansions are
certainly not well suited.
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in this paper is the ordered massive phase. At ¢ = ¢ = m/2 it appears in the range
0<% <0901292. .. (8.23].

In the next section we will review some well known facts about the Hamiltonian
{1.1). Then, in section 3 we will evaluate the ground-state energy and the first excitations
perturbatively for n = 3 and zero momentum, but arbitrary @, ¢. The results remind us of
a general duality statement that we discuss in section 4. Finally, section 5 is devoted to a
study of correlation functions of the Zs-chain.

2. Preliminaries

In this section we summarize well known facts about Z,,-quantum spin chains and introduce
notations that will be useful later on. For a more detailed, recent review see e.g. [24].

First, we give a precise definition of the operators I'; and ;. o; and T, freely generate
a finite-dimensional associative algebra by the following relations (1 < j,I < N):

00} = 010 oIy = P;O’jwsj" Iy =TIy O’fl = F; =1 (2.1

where  is the nth root of unity w = e*/7. In this paper we will only consider boundary
conditions of type Fy+; = w™RT'1, R € Z, for the Hamiltonian (1.1, We will mainly focus
on periodic boundary conditions ['y4q = [y.

The algebra (2.1) can be conveniently represented in ®"C”. In this space we can choose
the following basis if we label the standard basis of C® by {eg, ..., e, }:

fi.in)i=e, ® - e, 0 gn—1. 2.2)

Usually one considers a special representation r of the algebra (2.1}—a definition can
be found in appendix A. However, for low-temperature expansions of (1.1} it is more
convenient to consider a different representation 7:

FOONir . oedj v iny = obliv. ;.. iy '
o Y : 2.3)
Floptiv.. 4 ..iny=liy...( —1mod n)...in}.

H lf,") commutes with the Z, charge operator § = ]—[}V:l aj, and thus has n charge sectors.

The eigenvalues of 0 have the form w@ with Q € {0,...,r — 1}. We will refer to the
number O as the ‘charge’.

H,ﬁ,”) also commutes with the translation operator Ty. The cigenvalues of Ty are Nth
roots of unity, We label them by ¢ and call P the ‘momentum’. For a chain of length N
one has P € {0, 2%/N,...,2n(N — 1)/N}. The eigenstates ||{;...iy)} p with momentum
P can be obtained from |¢;...iy} by finite Fourier transformation. Ty acts for R = 0 on
the states (2.2) as

F(Tw)ila .. in) = liz... Ini}. 2.4)

In the case R = 0 the eigenstates with momentum P are given by

1 Nl .
i ) pi= = DT i i) (25)

x=0

N is a suitable normalization constant. If the state |i;...iy) has no symmetry, one has
N = N. This will apply to all cases below where we need (2.5). For a definition of the
momentum eigenstates (2.5) in case of boundary conditions R # 0 see e.g. [25,24].
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3. Spectrum in the low-temperature phase

In this section we calculate the ground-state energy and the lowest excitations in the low-
temperature phase using perturbative expansions according to [26] around A = 0 of the
Hamiltonian (1.1). We restrict ourselves to periodic boundary conditions R = 0.

In [}] high-temperature perturbation series were presented for the disorder operator
for magnetization m) and the first energy gap in the momentum-zero sector of the
superintegrable Zs-chiral Potts model leading to exact conjectures for both of them. After
the superintegrable chiral Potts model had been generalized to general n [2], perturbation
series for the ground-state energy, energy gap in the momentum zero sector, magnetization
and susceptibility of this superintegrable Z,-chiral Potts model were presented in [13]. At
the same time elaborate expansions of the ground-state energy and some excitations of the
superintegrable chiral Potts model for n € {3, 4, 5} and in particular perturbation series for
the order parameters with general n were calculated in [14]. First perturbative results for
the enersy gaps at more general values of the angles ¢, v were obtained in {15] where
second-order_high-temperature expansions for the translationally invariant energy gaps in
cach charge sector of the general self-dual Z;- and Z,-chiral Potts models as well as a
first-order expansion for the dispersion relations for general n were presented.

In this section we restrict once again io the Z;-version of the chiral Potis model (1.1)
but impose no restrictions on the angles ¢, . We present low-temperature expansions for
the ground state energy and in particular the first translationally invariant energy gaps that
up to now have not been treated by perturbative methods because of high degeneracies.

The normalization of the Hamiltonian (1.1) is chosen such that expansions around zero
temperature A = O are possible. If one wants to calculate expansions around infinite
temperature one usually normalizes the Hamiltonian I:IL") = (I/R)HP, sets A = &~' and
performs expansions around A = 0.

In each charge sector Q of the low-temperature phase there is one unique ground state.
For arbitrary n it is given by

1 n—1 i
los; @) = EZQJ"'QI!...!) G.1)
=0

provided that —n/2 < ¢ £ m/2. For # = 3 (3.1} is the ground state if —7 < ¢ € 7 and
for n = 4 (3.1) is the ground state for —57/6 € ¢ £ 5n/6. The excited states are more
complicated and highly degenerate. The space of the first excitation is spanned by those
states which have precisely two blocks of different spins. Furthermore, the values of the
spins in these two blocks must have difference one. For fixed P, @ and —7/2 € ¢ < 7/2
we can choose the following basis for the space of the first excitation:

laZ) :=TZwIQII(!+1m0dn) -+ 1modn)l-D}p. (3.2)

k times

In order to perform explicit calculations we now specialize to n = 3 with P = 0. The
constant contribution in A to the ground state energy E|Gs.p and the first gap AEp,) can
be calculated easily:

4 ¢
(0) E©
E[GS Q} N% cos (5) Q 1= 4N/_ 3cos ( ) (33)
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As far as the ground state is concerned, we notice from the explicit form of the potential
in (1.1) that the first order in the perturbatlon expansion vanishes. The next order that has
to be calculated is the second-order E|GS o) One applies the potential V = 3~ ka;,a to
the ground state:

By +e Bl ) . (3.4)

F(V)les; Q) = _% (ei¢f3|a

Using AES’?E = Efmrz) - El(g)s gy One obtains the result

I {a] F(V)lGs; Q) 1P
2
oiese  Eds.o — Ela
1@ FWles; @) 1P+ 1 {ad | F(V)las; @) 2

©
AEQ,]

2N
= —— (3.5)

3+/3 cos(¢/3)

Set C ;= cos (¢/3), R := 1 — 4C?, Then, calculating higher orders in the same manner,
one arrives at

4 2 . COsS @ - N3 4 1.
Neg = Eigs. gy (N) = —N| —=C + A%+ 13——--{— —}x‘
0 1GS: 0) (V) (ﬁ 3/3C 57302 STA LR
V3cosp | 3 4 §es 6
Ty [46’2+ ]k)+0(l) (3.6)

for sufficiently large N. For ¢ = ¢ = x/2 (3.6) reproduces the result of [13]. In (3.6)
we restricted ourselves to a fifth-order expansion although we have calculated higher orders
because the explicit dependence on ¢ and ¢ makes the next orders complicated but not
very 1llummatmg The orders eok of the free energy per site ¢ are independent of N if
N > k. This is a general feature of the ground-state energy for spin quantum chains with
nearest-neighbour interaction.

Note that the expansion in powers of A (3.6) of ep does not depend on the charge sector
for large N. From the explicit calculations we see that this is a general result: the order
Ak (k) of the free energy does not depend on the charge if N > k. However, ground-
state level crossings have been observed in [17, 18]. Indeed, for short chain fength N high
orders A¥ (k > N) do depend on the charge Q. Thus, at fixed X in the massive phase
level crossings in the ground-state do occur although the Q-dependent term of the ground
state energy ey decreases fast in magnitude with increasing N. The presence of such level
crossings is a hint for oscillating correlation functions and, in fact, the critical exponent
of the wavevector can be calculated from them [27,17,18]. For the superintegrable case
¢ = ¢ = /2 we explicitly determined level crossings in the ground state using 9th (resp.
10th) order expansions for 3 < N < 7 sites. Our results for the temperatures A where the
gap vanishes are in good agreement with the values presented in [18] (table 3) and show
in particular that there are no crossings besides the ones presented in [18}. However, we
have argued that for larger N we would need even higher orders for the study of level
crossings which goes beyond current computer power. Thus, numerical methods provide a

much better tool for the study of level crossings [17, 18].
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Finally, we should mention that the approximation (3.6} is already excellent for the
whole massive low-temperature phase up to its boundary near A = 1 for moderately long
chains. For example at the phase transition A = | of the parity conserving Potts case
¢ = ¢ = 0 one observes only a deviation of 0.8% between (3.6) and the exact result for
N = 12 sites, In the superintegrable case ¢ = ¢ = n/2 at A =09 (close to the boundary
of the phase) the deviation of (3.6) at N = 12 from the exact result is also as small as
1.3%. Thus, the perturbation expansion (3.6) yields a surprisingly good approximation
in the complete massive low-temperature phase. Even at the boundary of the phase the
deviation is smaller than 2% for N > 10.

In principle, one can derive a critical exponent & for the specific heat d?eg /da2 from a
perturbation expansion of the ground-state energy ep. However, (3.6) leads only to a third
order expansion for the specific heat and on the superintegrable line even the third order
vanishes. Although the approximation of (3.6) to the ground-state energy eg itself is so
good, one certainly needs higher orders for accurate estimates of the critical exponent of
the specific heat. Consequently, o has been estimated using a 13th-order expansion of ey
in [1] for the self-dual case ¢ = ¢ =0 and for the superintegrable case ¢ = ¢ = m/2 the
Ising-like form of the eigenvalues has been exploited to calculate even higher orders of eg
in [14], The results in [, 14] indicate & = -% independent of the angles ¢, .

The calculation of the smallest gap AEg , is more difficult. Let ¢ be the projector onto
the space spanned by the states laf) (3.2). In this space, the potential acts as follows:

2 . .
gF(V)laf) = —-\/—.3.(26“”31&29) +ePwlaf )
2 . g
gF(V)|af) = -J—g(zewﬂ]a,?ﬂ) +2e7%"al ) l<k<N-1 B.7
- 2 i
gF(V)al_ ) = —E(ze P31al_) +e %20 a?))

In the limit N — co the lowest perturbative eigenvector converges to

1 N~1
S a2y, (3.8)
N1 ,; k

Using (3.7) and (3.8) we can calculate that for ¥ = o and ¢ < /2

, --+ 8
lim AEg; = 43¢ - i— cos (E)
Nooo

NES 3

=n [ 8C (1 +cos(2¢/3)) 42 — cos(Ze/3)) -

le - 4+ 006H. 3.9
3/3(R+2) N 33C OO0 G2

Comparing (3.9) with the corresponding high-temperature expansion [15, 28} shows that up
to the order calculated it coincides with AE| g(A) + AE; () at the dua} point A = X with
¢, ¢ interchanged. In fact, we can also estimate the error we have made in calculating (3.9).
The error we are making when replacing the true eigenvector by (3.8) is of magnitude N,
This behaviour is preserved when the potential V and the resolvent g are applied. Thus, we
obtain in all orders starting with the first one a deviation which is of magnitude N=2. This
further supports the identification of (3.9) with the dual of a two-particle state. Of course,
{(3.9) holds only for ¢ < n /2.
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For ¢ = m/2, the states (3.2) are not the first excited states any more, Now we have to
consider the following states:

T(Ill 2...2...0...00 p+w2)2...2...1...1) 5

+e 220 0. - D) (e = 1)) ). (3.10)

Going through the same steps as before we find

lim AEg; = 12sin (n 3 ¢) - 34+/3cos (%) AZ\/’}{M

N—oo C

cos(2p/3)Y+ 1 =3 T
s (1 — V73 @ =73 } + Q) > So<m. {3.11)

Equation (3.11) coincides with 3AE; () at the dual point A = A with interchanged ¢, ¢
in the corresponding high-temperature expansion {15, 28] up to the order calculated.

For ¢ = m/2 the states (3.2) and (3.10) are degenerate. However, for large N the
dominant contribution comes from the states (3.10) such that (3.11) is valid for ¢ = 7 /2
as well. At ¢ = ¢ = m/2 this is in agreement with the exact result of [11]:

4

lim AEg, =6(1 — X f =p=—. .
Jim AEg, 6(1 — 1) or p=0p 5 (3.12)

4. Duality of spectra

The results in the previous section remind us of some well known results about duality: the
spectra in the low-temperature phase at A are dual to those in the high-temperature phase
at A = X if we interchange oy and ay. This statement for Z, quantum spin chains has
been known for a long time [29,30] and was also used in [1]. However, special attention
has to be paid to the boundary conditions when performing duality transformations. It has
been observed in [2] that the duality transformation interchanges the rdle of the charge
¢ and boundary conditions R. In this section we reformulate the precise statement of
duality for the general Z,-chiral Potts quantum chain (1.1) and discuss its consequences.
For completeness, a simple non-standard proof is presented in appendix A.

We denate the Hamiltonian (1.1} including the parameters by Hg,"’ (A, R", &k, al). If
the Hamilton operator is pro?erly normalized for high-temperature expansions (H(M) =
AH (YD) it will be called BV (X, RM, @ Sl ,E“), writing again explicitly the corresponding
parameters. In order to be able to dlstmgmsh the parameters we have introduced an upper
index. Furthermore, we abbreviate the space with charge Q" in the high-temperature phase
by HE" and the elgenspace of r(Q) to eigenvalue w? by H2". Now we can formulate
the statement: AP (X, R™, @™, o) restricted to H2" and H{Y (%, R, &}, al') restricted to

H?" have the same spectra if
Q" = RM Rf=g"  al=a ol=al =1, 4.1)

The momentum decomposition can be applied alike in the high- and low-temperature
phase. Thus, the statement of duality is also valid if we further restrict to eigenspaces

with momentum P,
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Note that the duality (4.1) preserves the condition (1,3). Thus, each integrable chiral
Potts model is dual to exactly one integrable chiral Potts model. The integrable model
is self-dual iff A = 1 and ¢ = p € (m/2)Z. The point A = 1, ¢ = ¢ = 0 exhibits
conformal invariance {19]. However, this is not true for the other self-dual points. For
example the point A = 1, ¢ = ¢ = 7/2 is not conformally invariant although in its vicinity
non-diagonal conformal field theories have been used to derive correlation functions {31].
Recently, perturbed conformal field theories have been used to calculate critical exponents
and show the existence of infinitely many conserved charges for the self-dual Z,-chiral Potts
model at small chiral angles [32].

From (4.1) we conclude that the quasi-particle interpretation for the high-temperature
phase of the general Z,-chiral Potts quantum chain [28] can be pulled over to the low-
temperature phase. The duality transformation interchanges charge sector @ and boundary
conditions R. Thus, the ground state of the high-temperature phase is mapped to periodic
boundary conditions R = Q in the low-temperature phase. However, the fundamental
excitations are mapped to different boundary conditions corresponding to the charge sectors
R e {1,...n— 1}. Therefore we observed only composite particle states in section 3.

It is well known that in the high-temperature phase the limit N — oo of the energy
eigenvalues is independent of the boundary conditions whereas the charge is substantial.
The duality (4.1} implies that in the low-ternperature phase this hmit does not depend on
the charge, but the spectra are clearly different for different boundary conditions. The
independence from the charge has already been observed in section 3 for some eigenvalues.
One can also argue directly that this degeneracy holds for the complete spectra, at Jeast in
the range where the perturbation expansion converges.

In the perturbation expansion all orders can be organized with respect to the energy
eigenvalues at zero temperature. All energy eigenspaces—apart from the ground state—
have a dimension that grows at least with . We have seen in section 3 for some examples
that at a fixed order & of the perturbation expansion only a finite number Ng; of matrix
elements of the potential V* in the eigenspace to energy E depend on the charge Q. This
holds generally as we can see from the proof of duality presented in appendix A (in particular
{A.2) and (A.3)). Thus, the term for energy E at order k in the perturbation expansion has
a Q-dependent term that is at most of order (Ng;/N)? as N — oc, This implies that the
differences between the charge sectors converge to zero in the large-chain limit.

It rerains to check that this is also true for the ground state. The contribution of the
ground state to a perturbation expansion for any energy level other than for the ground-
state energy itself is neglegible. The kth order of the ground-state energy per site eé"] is
independent of the charge sector Q if ¥ < N. This is easy to see because in the perturbation
expansion application of & powers of the potential V to the ground state is projected back
onto the ground state. Thus, all excitations that are created must be annihilated again, or
an excited state is proportional to the ground state, The second case is only possible if an
excitation is carried around the boundary of the chain implying £ = N. On the other hand,
the first possibility yields results that are clearly independent of the charge sector. Finally,
convergence of the perturbation series for eg implies that the limit N — oc is independent
of the charge sector Q.

In summary, in the low-temperature regime all charge sectors are degenerate for
N — 00, at least if the perturbation expansion converges.

5. Correlation functions in the low-temperature regime

In this section we will apply methods explained in more detail in [28] to the correlation
functions in the low-temperature phase of the chiral Z; Potts quantum chain. Note that the
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duality argument of section 4 appiies only to the Hamiltonian and not to other operators,
Thus, quantities like e.g. correlation lengths may be different in these two phases. In fact,
current knowledge about the correlation functions is restricted to the conjectures presented
in [23] and the arguments in favour of a non-vanishing wavevector presented in [17, 18]
We study the correlation functions
oy BLTDo Iy L @leteln @l af vl ey
(v]v) (v]v) {v|v)?
using a perturbative expansion [26] for the ground state | v} from the state |GS; @) (3.1).
The expansion of the ground state in powers of X leads to an expansion of the correlation
functions in powers of i:

o0
Cr{x) = Z.ﬁc‘“(x) Calx) =Y RCP(x). (5.2)

k=0 k=0
In the definition (5.1} it is legitimate to omit the one-point functions for the operator '
because they are zero due to charge conservation,

Note that for a kth-order expansion in (5.2) one needs a kth-order expansion for the
ground state which as a by-product gives a (k + 1)th order expansion of the ground-state
energy ep. The method will be spelled out in more detail elsewhere [28].

Below, we will first give the final results for general angles ¢, . It turns out that the
result is too complicated to infer the general form of the correlation functions (5.1). Thus,
we then specialize to the superintegrable case ¢ = ¢ = /2 and calculate even higher
orders. By looking for a good fit we try to guess the structure of the correlation functions,
With this experience we turn back to the general case and discuss how the correlation
functions should change for general ¢, ¢

In order to save space we present only the final results for the correlation functions. For
Cr{x) one obtains, using again the abbreviations C = cos(¢/3), R = 1 — 4C2,

=1  Pw=

(5.1)

(,.) (3)
(x)= 602{ — 1} (x} = 1863{ -1}

c® 2(1 — 16C%) i ) (5.3)
) = 2702{(1 8z.0) ( 3RE T 162

1+2C% -3 i sin(2¢/3) 5
+3,r‘1( 3722 + 16C2) .

The first orders of the correlation function C,(x) read as follows:
CO =80 CP)=0

5o 9 ] cose | 80 | 8i
Cz +5xl( +2C'Z)} C;3)(I)=— oC [T‘j"'?}
1 7 8 15 29 16C*
My —_— B
G =g {6"'0(16(:2 * R) J”S""(léc2 TR R )

1 7 4 44C?
i )

1
9

CPx) = —

,—;—

(5.4)

8C2 12R?
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Note that the correlation functions (5.3} and (5.4) do not depend on the charge sector.

(5.3) suggests that the correlation function Cp(x) tends to a non-zero constant for large
distances x—in contrast to the correlation functions in the high-temperature phase [28] so
that the low-temperature phase is ordered over long ranges. However, beyond this general
conclusion, it is difficult to guess from (5.3) or (5.4) what might be the behaviour even for
small x, Thus, we set ¢ = p = = /2, calculate four further orders and obtain

cPx) =1 P =P =P =cPwm =0 P =216,-1

7 5—iy3
CE0) = g7 0an = 1)+ b~
(6) \/_
Crix)= 6—55{336(510 1) + 1608, ; + 608, 2} — 6561{265x 1 + 206, 2) (5.5)
CPx) = 5575571260060 — 1) + 68528, + 3521852 + 12258, 3)
V3
= i o 19608, ) + 9958, 3 + 5258, 3}
and

COy=8o CPO=CPE)=CcPuy=cPx)=0

1 1
CP(x) = 77 {400+ 8x} C¥xy = -—{—418x,o + 143x; + 84, 2}

(5.6)
COx) = Ee_s:i{ 5868, + 1475, 1 + 1265, 5 + 808,.3)
C®(x) = {—99278, 0 + 21308, ) + 17218, 2 + K53, 3 + 9108, 4} .

531441

Unfortunately, determination of the constant x in C® exceeded the numerical range of our
special-purpose computer algebra system.

Up to the order calculated, Cy(x} is real for all values of the parameters ¢, @, x
Cr(x), in contrast, has a non-vanishing imaginary part. By analogy to the high-temperature
regime [28] and from the results in [17,18] one might expect that Cr(x) is oscillating.
Indeed, the correlation functions in the superintegrable case ¢ = ¢ = /2 can be nicely
fitted by

Co(x) = ady g+ be™*/% (5.7a)
Cr(x) = m® 4 pe-(ftr¥amilix (5.7b)

For A € [;';, %, %} good fits to (5.5) and (5.6) using (5.7} are given by the values in table 1.

Table 1. Parameters for the correlation functions (57) at ¢ = ¢ = x/2.

% Ex a b g m? L sin@nfL)  p
025 026(1) 08%D)  0.10(1) 03.'1:‘4(3”) 009857605 3018 0.263) ~ 0011(3)
050 041(3) 085(1) 0.1} 0375 09381 0+15 02%1) 0.05(1)

075 0599  075(2) 0.14(2) 05'0(7) 0.832 B3 027D 0.15(2)
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First, we remark that the correlation lengths satisfy £, = & =: & for all values of X
within the numerical accuracy. In fact, one expects this equality because the correlation
lengths should be the inverses of some mass scale, and there is only one mass scale in our
problem because all three charge sectors are degenerate. Furthermore, we observe that our
data is compatible with an oscillating correlation function for the operator . The oscillation
length L (or wavevector) is around 30 sites in a major part of the low-temperature phase.
In [17,18] it has been predicted that L should diverge as A crosses the phase boundary
and approaches A = 1 where the critical exponent is expected to equal % Our results are
compatible with a divergent oscillation length at & = 1 although due to the large errors we
do not even see that L increases with A.

We should mention that the linear approximation e(~#/L¥ a2 1 — ixsin (2n/L) is as
good as (5.78). However, (5.75) seems to be a more natural form. The fact that the relative
error of the estimate for sin(27 /L) is much smaller than that of L just comes from the fact
that L and sin(2w /L) are related by exponentiation.

Note that the short correlation lengths strongly damp the correlation functions: at x =7
where we expect the first zero of Cr(x) it has already decreased by at least six orders
of magnitude for 3 < % Closer to A = | the correlation length should increase but so
should the oscillation length. Thus, it will be very difficult to obtain more precise results
from approximate arguments and an exact expression for Cr(x) is probably needed in order
to decide whether (5.76) really is the correct form and to determine the wavevector L
accurately.

Before we conclude the discussion of the correlation functions for the superintegrable
chirai Potts model, we mention that a conjecture for the form of Cr(x) has been formulated
in [23]: Cr(x) = m? 4+ @(e~*/4r) where m is the order parameter. OQur result (5.7) is
compatible with this form. In [1] the conjecture for the order parameter

BTy D)
(U] v}
has been formulated, but (5.8) has not been proven yei. The constant term in (5.5} is in
exact agreement with (5.7} and (5.8) up to the order calculated, such that we may assume
that at least the constant term of Cr-(x) is now known exactly.

A few remarks on the choice of ground state (3.1) are in place because in [1,9] (5.8)
has actoally been derived considering an expectation value of the operator [',. 'We have
already pointed out that the one-point functions of I', vanish identically due to charge
conservation if one uses the charge eigenstates (3.1). However, if one uses instead non-
charge eigenstates like |0...0) for a perturbative expansion of | U} they do not vanish.
Indeed, using an expansion for | &) from [0...0} we once again verified equality of this
one-point function with the order parameter m. If we redefine Cr(x) by replacing [v} by
| #) and subtracting the contribution from the one-point functions, this is in fact the only
change, i.e. Cr(x) = Cr(x) — m%. C,{x) remains unchanged under this redefinition.

For more general values of the angles ¢, ¢ one expects the correlation functions to
be also of the form (5.7)—of course with different values of the parameters. We can see
from the constant term m? of the correlation function Cr(x) (5.3) that it will not be of the
form (5.8) for general ¢ # /2 5 . In general, the coefficient of A3 for the constant
term does not vanish and m? does not even have an expansion in powers of A%. Among
the powers that we have calculated for the general case only the fourth order in (5.3) has
a non-vanishing imaginary part at x = 1. Under the assumption that (5.7b) is the general
form we would expect the imaginary part at x = 1 to be proportional to sin(2x /L) for very
simall temperatures . Thus, we expect for very low temperatures A the relation L™ ~ ¢,

— (-1 (5.8)
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On the one hand, this explains the conjectured presence of a second length scale L in
addition to the correlation Iength &. The oscillation length L just comes from the chiral
angle ¢ and thus these two scales must be related to each other. On the other hand, the
oscillation (should it really be present) will vanish smoothly as the parity conserving Potts
case ¢ = ¢ = 0 is approached.

6. Conclusion

In this paper we discussed the low-temperature phase of the Zs-chiral Potts quantum chain.
We have perturbatively calculated the ground-state energy and the first gaps for P =0
at general chiral angles ¢, . We explicitly observed duality to the high-temperature
phase and independence of the charge sector O. This demonstrates a general duality
property stating equality of spectra in the low- and high-temperature phase. Thus, a
quasi-particle interpretation for the high-temperature phase of the general Z,-chiral Poits
quantum chain [28] can be pulled over to the low-temperature phase. However, charge @
and boundary conditions R are interchanged by the duality transformation. [n particular,
for periodic boundary conditions one sees only energy levels above the ground state that
correspond to composite particle states. We also gave a general argument that in the infinite-
chain length limit all charge sectors are degenerate.

We have further studied correlation functions for the operators ¢ and " in the low-
temperature phase of the Z;-chiral Potts quantum chain, The correlation function Cr (x) has
a constant term m? indicating long-range order. Fitting (complex) exponential functions to
the perturbation expansions of the correlation functions we estimated the correlation length
£ for ¢ = ¢ = m/2 and found agreement with the prediction [17, 18] that the correlation
function Cr oscillates. A rough estimate for the oscillation length L has also been obtained.
We argued that the oscillation length should satisfy L ~ ¢! for small temperatures. In
particular, the osciilation vanishes for vanishing chiral angle ¢. These first results make an
exact determination of the correlation functions desirable.
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Appendix A. A proof of duality

Duality has been proved in e.g. [29, 30]. Still, we would like to present a slightly different
approach in this appendix. We derive duality by comparing the representation 7 (2.3} to the
following representation r that is usually considered:

r(O'j)lf] EJIN) =wi"]il !JIN}
(A1)

r(l",)|z'1...ij..,i,~;)=}i|...(i,-+lmodn)...z‘N).

Note that 7{I',) = r(o}) and F(0,) = r('l";") and that the representations 7 and r are unitarily
equivalent.
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We recall the statement of section 4 before proving it. Let A (A, R™, &, ht) be
the Hamiltonian with suitable normalization for high-temperature expansions (H ()
AH(™'Y) and HIP(R, R", &, oY) be the Hamiltonian (1.1) with cones;mndmg parameters

Furthermore, abbreviate the eigenspace of r(Q) to elgenvalue 2" by H2" and that
of F(Q) to eigenvalue w@" by H2". Then H (A, RM, &, o) restricted to H?" and

HP(, R", &, o'y restricted to 72" have the same spectra if

Qlt — Rhl Rli = th '-k — aﬂl a.}c( = &EI i=2A

(this is equation (4.1)). For the proof we fix the state [GS; Q" to be the ground state (3.1}
in H2". Then the following states are a basis for Ao E

|03 2. in) = Flo5 ™) - Flog™)los; @Y). (A2)
Note that this implies

F)l@iiz..in) = @105 G2+ 1)+ (iv + 1)) (A3)
Now consider the following intertwining isomorphism I

HQs .. in) = [(—iz)lia — i3) -+~ (iw—1 — in)iy + RY)). (A.4)

Note that the map (A.4) maps the ground states in both phases onto each other. It is now
straightforward to check using the basis (A.2) that

IF(O’(_,.H mod N)) = F‘(F T +I)I IF(FJ-'F;:_]) = r(crj)f . (AS)

The observation that I is a unitary map and r and 7 are unitarily equivalent in conjunction
with (A.5) proves duality.
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